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Abstract: We examine the residual-based diagnostics for univariate and multivariate
conditional heteroscedasticity models. The tests are based on the parameter estimates
of an autoregression with the squared standardized residuals or the cross products of
the standardized residuals as dependent variables. As the regression involves estimated
regressors the standard distribution theories of the ordinary least squares estimates do
not apply. We provide the asymptotic variance of the regression estimates. Diagnostic
statistics, which are asymptotically distributed as χ2, are constructed. A Monte Carlo ex-
periment is conducted to investigate the finite-sample properties of the residual-based tests
for both univariate and multivariate models. The results show that the residual-based
diagnostics provide useful checks for model adequacy in both univariate and multivariate
cases.
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1 Introduction

Since the seminal paper by Engle (1982) on the autoregressive conditional heteroscedas-

ticity (ARCH) models, many alternative models have been suggested for time series with

time-varying variance. Bollerslev’s (1986) generalized ARCH (GARCH) model is a nat-

ural extension, with lagged conditional variances introduced as explanatory variables in

the conditional-variance equation. Further extensions were suggested by Nelson (1991)

(exponential GARCH (EGARCH) model), Higgins and Bera (1992) (nonlinear ARCH

(NARCH) model), Glosten, Jagannathan and Runkle (1993) (an asymmetric model com-

monly called the GJR model), Ding, Granger and Engle (1993) (asymmetric power ARCH

(APARCH) model) and Zakoian (1994) (threshold ARCH (TARCH) model). Hentschel

(1995) proposed a model that encompasses many existing models. For surveys of the

developments and applications of these models, see Bollerslev, Chou and Kroner (1992),

Bera and Higgins (1993) and Bollerslev, Engle and Nelson (1994).

The success of the conditional heteroscedasticity models in fitting univariate time series

has motivated many researchers to extend these models to the multivariate case. Examples

of multivariate conditional heteroscedasticity models are the vech-representation form due

to Bollerslev, Engle andWooldridge (1988), the constant-correlation multivariate GARCH

(CC-MGARCH) model due to Bollerslev (1990) and the BEKK (named after Baba, Engle,

Kraft and Kroner) model due to Engle and Kroner (1995). Within the vech-representation

family, the diagonal form, which we shall denote as the DVR model, has been applied in

many empirical works.

As empirical researchers are equipped with various conditional heteroscedasticity mod-

els, the checking of the adequacy of a fitted model becomes an important issue for model

selection. Generally, misspecified models result in inconsistency and loss of efficiency in

the estimated parameters. It should be noted that in many financial econometric models

the conditional-variance equation plays a major role. For example, the systematic risk
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as measured by beta depends on the (conditional) second moments of the asset returns,

and so is the minimum-variance hedge ratio. Reliable estimates and inference of these

quantities depend on well-specified conditional heteroscedasticity models.

Diagnostics for conditional heteroscedasticity models applied in the literature can be

divided into three categories: portmanteau tests of the Box-Pierce-Ljung type, Lagrange

multiplier (LM) tests and residual-based diagnostics. The Box-Pierce-Ljung portmanteau

statistic is perhaps the most widely used diagnostic. It is readily computable from the

standardized residuals and has been applied in many empirical works for model diagnostics

(see, for example, the papers by Bollerslev (1990), Baillie and Myers (1991) and Karolyi

(1995)). Although it has been noted that the portmanteau statistics do not have an

asymptotic χ2 distribution, many authors, nonetheless, apply the χ2 distribution as an

approximation. Li and Mak (1994) pointed out the lack of rigor in this approach and

derived the asymptotic distribution of the portmanteau statistics in the univariate case.1

Ling and Li (1997) further developed this work and derived the asymptotic distribution

of the portmanteau statistics in the multivariate case. The Ling-Li statistic is based on

the serial correlation coefficients of the transformed vector of residuals. The recent test

suggested by Hong and Shehadeh (1999) is a portmanteau test based on the spectral

density function rather than the serial correlation coefficients. Tse and Zuo (1998) and

Tse and Tsui (1999) reported some Monte Carlo results on the finite-sample distributions

of the Li-Mak test and the Ling-Li test, respectively.

The LM test has an advantage over the portmanteau test due to its efficiency when

the alternative hypothesis is correct. The test, however, requires the specification of

an alternative, and it may not have good power against other alternatives. Also, the

calculation of the test statistic depends on the alternative and thus makes this approach

1The problem lies in the fact that estimated residuals are used to calculate the portmanteau statistics.
When only the conditional mean is estimated, substituting the estimated residuals for the unobserv-
able residuals has no effect on the asymptotic distribution of the diagnostic statistic as far as tests for
conditional heteroscedasticity are concerned, as pointed out by Engle (1982). However, if a conditional-
variance equation is fitted, substituting the estimated residuals for the unobserved residuals will change
the asymptotic distribution of the diagnostic statistic, as pointed out by Li and Mak (1994).
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less attractive as a general diagnostic tool. For the applications of LM tests to conditional

heteroscedasticity models, see Bollerslev, Engle and Wooldridge (1988), Engle and Ng

(1993) and Engle and Kroner (1995). Bera and Higgins (1992) suggested a diagnostic

of the ARCH models against the NARCH alternatives based on the LM principle. Tse

(2000) proposed a test for constant correlations in a multivariate GARCH model using

the LM approach.2 Lundbergh and Terasvirta (1998) provided a unified framework for

testing univariate conditional heteroscedasticity models based on the LM principle. Some

results on the equivalence between the LM and the portmanteau tests in certain cases can

be found in Ling and Li (1997) and Lundbergh and Terasvirta (1998).3

Like the portmanteau tests, residual-based diagnostics have no specific alternative.

General model adequacy is investigated using the residuals. The diagnostics involve run-

ning artificial regressions and testing for the statistical significance of the regression pa-

rameters. To a certain extent, the form of the regression depends on a particular type

of model inadequacy the researcher wants to investigate. Extensive discussions of this

approach can be found in Pagan and Hall (1983) and Wooldridge (1990). To test for

the adequacy of the conditional-variance structure, lagged squared standardized residuals

may be used, as suggested by Bollerslev (1990). As the regressors are estimated, the

usual ordinary least squares (OLS) result does not apply. Empirical research, however,

typically adopts the usual OLS procedure as an approximation. In the multivariate case,

the Monte Carlo results reported by Tse and Tsui (1999) showed that the use of the OLS

inference procedure grossly under-rejects the null hypothesis of model adequacy.

In this paper we present the asymptotic distributions of the residual-based diagnostics

for the conditional heteroscedasticity models. Both univariate and multivariate models

are considered. In the multivariate case we propose to examine the squared standardized

residuals as well as the cross products of the standardized residuals. Diagnostic statistics

2Bera and Kim (1996) suggested a test for constant correlation in a bivariate GARCH model.
3Lundbergh and Terasvirta (1998) pointed out that the portmanteau test of model adequacy is equiv-

alent to the LM test of the standardised residuals being independently and identically distributed against
the alternative of ARCH.
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based on the correct asymptotic variance of the OLS regression parameter estimates are

constructed. We examine the finite-sample properties of the residual-based diagnostics

using Monte Carlo methods. Our results show that the residual-based diagnostics provide

a useful check for model adequacy.

The plan of the rest of the paper is as follows. In Section 2 we present the results for the

asymptotic distributions of the residual-based diagnostic tests for the univariate as well

as multivariate conditional heteroscedasticity models. Section 3 reports the Monte Carlo

results of the finite-sample distributions of the residual-based diagnostics. We consider a

variety of univariate and multivariate conditional heteroscedasticity models. Both the size

and the power of the diagnostics are studied. Finally, we give some concluding remarks

in Section 4.

2 Residual-Based Diagnostic Tests

Residual-based diagnostics are constructed to test for certain residual patterns implied by

the deviation of the fitted model from its underlying assumptions. Pagan and Hall (1983)

and Wooldridge (1990) provided comprehensive discussions of residual-based tests. These

tests may be designed to diagnose particular types of model misspecifications, including

serial correlation, heteroscedasticity, constancy of coefficients, nonnormality, simultaneity

and so on. In this paper, our concern is conditional heteroscedasticity in time series

models.4

4See also Wooldridge (1991) for some results on testing for conditional variances. Our results differ
from Wooldridge’s result in the following aspects. First, Wooldridge’s results are for univariate time series
only, although extension to the multivariate case can be developed following the theorems in Wooldridge
(1990). Second, Wooldridge’s method assumes only consistency for the parameter estimates. Although
his method is robust to certain model misspecifications, there may be loss in power compared to tests
that exploit the asymptotic efficiency of the MLE (not necessarily assuming normality in the errors). As
pointed out by Wooldridge (1990, p.26) the statistics computed under the two approaches may not be
asymptotically equivalent.
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2.1 The Univariate Case

Consider a univariate time series {Xt}, for t = 1, ..., T , with conditional heteroscedasticity
generated by the following equations:

Xt − µt = εt, (1)

εt = σt ηt, (2)

where ηt are independently and identically distributed with mean zero and variance 1,

and µt and σ2t are, respectively, the conditional mean and variance of Xt based on the

information set Φt−1 at time t−1. This framework incorporates many ARCH and GARCH
type of conditional heteroscedasticity models applied in the literature. Furthermore, µt

may be nonlinear functions of past observations and/or dependent on weakly exogenous

variables.

Let θ be the parameter vector of the model and θ̂ be the maximum likelihood estimator

(MLE) of θ.5 Here we assume that θ is with N elements and contains all the parameters

appearing in µt and σt. We assume that the usual regularity conditions hold,
6 so that

√
T (θ̂− θ)

D→ N(0, G), where
D→ denotes convergence in distribution. Assuming correct

error specification, G can be estimated either by the inverse of the Hessian matrix or the

cross-product of the first derivative of the likelihood function. To allow for misspecification

in the model, however, the robust quasi-MLE of the variance matrix, as proposed by

Bollerslev and Wooldridge (1992) may be used.

Denoting σ̂2t as σ2t evaluated at θ̂ and ε̂t as the estimated residual, we define the

standardized residual as η̂t = ε̂t/σ̂t. Following Pagan and Hall (1983) and Bollerslev

(1990), model diagnostics can be conducted using the standardized residuals. Noting

that the conditional expectations of the squared standardized residuals tend to 1, we run

a regression of η̂2t−1 on some information variables and examine the statistical significance
5In the literature, the most commonly assumed likelihood functions are probably based on errors being

normal or Student’s t.
6See, for example, Bollerslev and Wooldridge (1992) and White (1994) for the details.
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of the regression parameters. The lagged standardized residuals are natural regressors to

use. Thus, denoting d̂t = (η̂
2
t−1, ..., η̂

2
t−M)

0, we consider the regression

η̂2t − 1 = d̂0t δ + ξt, (3)

where δ is an M -vector of regression parameters. We denote the OLS estimator of δ by δ̂.

As d̂t consists of estimated regressors, the inference procedure based on the usual

OLS results is invalid. This point was stressed by Pagan and Hall (1983) in a broader

context. The appropriate procedure is to correct for the asymptotic variance of the OLS

estimate. Pierce (1982) established a general result for the asymptotic variance matrix of

a test statistic which involves substituting estimates for unknown parameters.7 To apply

Pierce’s result we denote δ∗ as the (unobservable) OLS estimate when η2t−1 is regressed on
dt = (η

2
t−1, ..., η

2
t−M)

0. Following Pierce (1982) we require the following assumptions: (A1)

δ∗ and θ̂ are asymptotically jointly normally distributed, and (A2) θ̂ is asymptotically

efficient. Theorem 1 below provides the asymptotic distribution of δ̂.8

Theorem 1: If equations (1) and (2) specify the correct model for the univariate time

series {Xt}, and assumptions A1 and A2 hold, then
√
T δ̂

D→ N(0, L−1ΩL−1), where

L = plim (
1

T

X
dt d

0
t), (4)

Ω = cL−QGQ0, (5)

with

Q = plim (
1

T

X
dt

∂η2t
∂θ0
) (6)

and c = E{(η2t − 1)2}.

In empirical applications, c, L and Q may be estimated by ĉ = {P (η̂2t − 1)2}/T ,
L̂ = (

P
d̂t d̂

0
t)/T, and Q̂ = {P d̂t (∂η̂2t /∂θ0)}/T , respectively.9 Thus, when there is no

7Bera and Zuo (1996) applied Pierce’s result to derive diagnostic tests for ARCH models. See also
Bera and Kim (1996) for similar applications.

8The Appendix provides a summary of the result due to Pierce (1982) and a proof of Theorem 1.
9Note that ∂η̂2t /∂θ

0
denotes ∂η2t /∂θ

0
evaluated at θ = θ̂. Similar interpretations are adopted for other

derivatives used below.
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misspecification in the model, T δ̂0L̂Ω̂−1L̂δ̂ is asymptotically distributed as a χ2M , where

Ω̂ = ĉL̂− Q̂ĜQ̂0
. The derivatives in Q̂ may be computed using numerical methods. Alter-

natively, for GARCH type of models recursive formulae as given by Fiorentini, Calzolari

and Panattoni (1996) and Tse (2000) may be used.

Following the arguments of Ling and Li (1997) and Lundbergh and Terasvirta (1998)

it can be shown that the residual-based diagnostic is asymptotically equivalent to the

portmanteau statistic as well as the LM statistic of no ARCH in the standardized errors

against ARCH(M). This result is particularly clear when we use the sample moment of d̂t

as an estimate of L so that the residual-based statistic becomes (
P
d̂tv̂t)

0Ω̂−1(
P
d̂tv̂t)/T ,

where v̂t = η̂2t −1. As the vector of autoregressive coefficients of the standardized residuals
are asymptotically equivalent to (

P
d̂tv̂t)/(cT ) in distribution under the null, the residual-

based statistic is asymptotically equivalent to the portmanteau statistic. However, two

points should be made here. First, although the tests are asymptotically equivalent under

model adequacy, they may differ under model misspecification. That is, the power of the

tests may differ. Second, the performance of the tests may differ in finite samples.

2.2 The Multivariate Case

In this subsection notations are redefined to cater for multivariate observations. Thus,

Xt = (Xt1, ..., XtK)
0 denote a K-vector of observations generated by the following equa-

tions:

Xt − µt = εt, (7)

εt = V 1/2t ζt, (8)

where εt and µt are K-vectors of residual and conditional mean, respectively, Vt = {σtij}
is the conditional variance matrix of εt = (εt1, ..., εtK)

0, and ζt = (ζt1, ..., ζtK)
0 are indepen-

dently and identically distributed random variables with mean zero and variance IK (the

K ×K identity matrix). We standardize εti to obtain ηti = εti/σ
1/2
tii for i = 1, ..., K. Note

that the variance matrix of ηt = (ηt1, ..., ηtK)
0 has unity in the diagonal but is not equal
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to the identity matrix. Thus, the components of ηt are generally correlated. Again we

let θ be the N -vector of the parameters of the model and θ̂ be the MLE of θ. We assume

that under certain regularity conditions,
√
T (θ̂ − θ)

D→ N(0, G).

Let V̂t = {σ̂tij} be the estimated conditional variance matrix, ε̂t = (ε̂t1, ..., ε̂tK)
0 be

the estimated residual and η̂t = (η̂t1, ..., η̂tK)
0 be the standardized residual with η̂ti =

ε̂ti/σ̂
1/2
tii . We also denote ρtij = σtij/(σtiiσtjj)

1/2 as the conditional correlation and ρ̂tij =

σ̂tij/(σ̂tiiσ̂tjj)
1/2 as its estimated value. Residual-based diagnostics can be conducted on

the squared standardized residuals and the cross products of the standardized residu-

als. Extending the results on the univariate case, we run regressions of η̂2ti − 1, for
i = 1, ..., K, and η̂ti η̂tj − ρ̂tij, for 1 ≤ i < j ≤ K, on some information variables.

Again, the lagged squared standardized residuals and the lagged cross products of the

standardized residuals are natural candidates. Thus, denoting d̂ti = (η̂2t−1,i, ..., η̂
2
t−M,i)

0

and d̂tij = (η̂t−1,i η̂t−1,j , ..., η̂t−M,i η̂t−M,j)0, we consider the following regressions:10

η̂2ti − 1 = d̂0ti δi + ξti, i = 1, ...,K, (9)

η̂ti η̂tj − ρ̂tij = d̂0tij δij + ξtij , 1 ≤ i < j ≤ K, (10)

where δi and δij are M -vectors of regression parameters. We further define dti =

(η2t−1,i, ..., η
2
t−M,i)

0 and dtij = (ηt−1,i ηt−1,j, ..., ηt−M,i ηt−M,j)0, which are the unobservable

counterparts of d̂ti and d̂tij, respectively. The following theorems provide the asymptotic

distributions of the OLS estimators δ̂i and δ̂ij of δi and δij , respectively (see the Appendix

for the proof).

Theorem 2: If equations (7) and (8) specify the correct model for the multivariate

time series {Xt}, and assumptions A1 and A2 hold, then
√
T δ̂i

D→ N(0, L−1i ΩiL
−1
i ),

10Note that M is generic and does not imply that the regressions represented by (9) and (10) are of
the same order.
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where11

Li = plim(
1

T

X
dti d

0
ti), (11)

Ωi = ciLi −QiGQ0i, (12)

with

Qi = plim(
1

T

X
dti

∂η2ti
∂θ0

), (13)

and ci = E{(η2ti − 1)2}.

To compute a diagnostic we replace ci, Li, andQi by their sample estimates, denoted by

hats, so that ĉi = {P (η̂2ti−1)2}/T, L̂i = (P d̂ti d̂0ti)/T and Q̂i = {P d̂ti (∂η̂2ti/∂θ0)}/T. The
test statistic can then be calculated as T δ̂

0
iL̂iΩ̂

−1
i L̂iδ̂i, which is asymptotically distributed

as a χ2M .

Theorem 3: If equations (7) and (8) specify the correct model for the multivariate

time series {Xt}, and assumptions A1 and A2 hold, then
√
T δ̂ij

D→ N(0, L−1ij ΩijL
−1
ij ),

where

Lij = plim(
1

T

X
dtij d

0
tij) (14)

Ωij = cijLij −QijGQ0ij (15)

with

Qij = plim{ 1
T

X
dtij

∂(ηti ηtj − ρtij)

∂θ0
}, (16)

and cij = E{(ηti ηtj − ρtij)
2}.

To compute a diagnostic we replace cij, Lij , and Qij by their sample estimates, de-

noted by hats, so that ĉij = {P (η̂tiη̂tj − ρ̂tij)
2}/T, L̂ij = (

P
d̂tij d̂

0
tij)/T and Q̂ij =

11In the multivariate case, A1 refers to the assumption that the (unobservable) OLS estimates of δi and
δij (when the actual residuals are used in the regression) are asymptotically jointly normally distributed
with the MLE of θ.
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[
P
d̂tij{∂(η̂tiη̂tj−ρ̂tij)/∂θ0)}]/T.A diagnostic test statistic may be calculated as T δ̂0ijL̂ijΩ̂−1ij L̂ij δ̂ij ,

which is asymptotically distributed as a χ2M .

It should be noted that equations (3), (9) and (10) are just some possible forms of

artificial regression. There are other possibilities. For example, lagged values of η̂ti may

be added to equation (9) as regressors to test for asymmetric effects. Also, lagged values

of η̂2tj may be included in the equation as regressors to test for volatility spill-over.. As

long as the regressors contain only lagged values, the martingale difference property is

not affected. Thus, the formulae for the asymptotic variance of the OLS estimates remain

applicable with suitable definition of the vector d̂ti.
12

We conclude this section by making the caveat that we have proposed a battery of tests

which are statistically dependent. Thus, there is the issue of controlling the size of multiple

tests. Unlike the Ling-Li test, which is a general diagnostic for multivariate conditional

heteroscedasticity, the diagnostics we propose for the multivariate case examine separate

aspects of possible model misspecification. Notwithstanding the problem of multiple test,

examining a battery of diagnostics provides additional information about the likely source

of misspecification and thus may provide clues as to how the model may be reformulated

if a diagnostic is found to be significant.13

3 Some Monte Carlo Results

In this section we report the results of a Monte Carlo experiment on the finite-sample

distributions of the diagnostics suggested in Section 2. Subsection 3.1 discusses the results

of the univariate case, while Subsection 3.2 discusses the results of the multivariate case.

12I am indebted to an anonymous referee for this suggestion.
13Hendry (1995, pp.490—491 and chapter 15) discusses the issues of multiple testing and data mining.

When the tests are independent, it is easy to control the overall size of the diagnostics. Though the tests
suggested here are not independent, our Monte Carlo results showed that the correlations between the
diagnostics when there is no misspecification are very low.
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3.1 The Univariate Case

We consider three data generating processes (DGP), denoted by M1, M2 and M3. These

are low-order ARCH and GARCH processes. M1 is an ARCH(1) process, M2 is an

ARCH(2) process and M3 is an GARCH(1, 1) process. The parameters of the DGP are

given by the following conditional-variance equations:

M1 : σ2t = 0.2 + 0.6ε
2
t−1, (17)

M2 : σ2t = 0.2 + 0.4ε
2
t−1 + 0.4ε

2
t−2, (18)

M3 : σ2t = 0.2 + 0.6σ
2
t−1 + 0.2ε

2
t−1. (19)

The conditional mean µt of each DGP is assumed to be zero. Given a DGP we generate

samples of T observations and fit a conditional heteroscedasticity model to the data. The

estimated model (EM) considered are ARCH(1), ARCH(2) and GARCH(1, 1). Various

diagnostics are then calculated. The sample estimates defined in Section 2 are used to

compute the test statistics. Also, the robust quasi-MLE variance matrix of θ̂ is used.

Thus, the diagnostics are robust with respect to nonnormality in the residuals.14 To

investigate the effects of incorrect error specification on the test statistics we generate

errors that are (i) normally distributed, and (ii) distributed as t8 (properly standardized

to give unit variance). However, in all cases the MLE are estimated assuming errors

are normal.15 All computations in the Monte Carlo experiment are coded in GAUSS

supplemented by the application module Constrained Maximum Likelihood.

We denote RBM as the adjusted (with the correct asymptotic variance) residual-based

diagnostic with M lagged regressors, PORM as the Li-Mak portmanteau statistic with

14The portmanteau statistic of Li and Mak (1994) is also robustified, and so is the Ling-Li (1997)
statistic reported in the next subsection.
15When the errors are normally distributed there is no model misspecification and the asymptotic

theory of the test statistics should apply. When the errors are distributed as t8, the MLE assuming
normal errors will not be efficient and Pierce’s result will not apply. How this misspecification will affect
the asymptotic distribution of the test statistic is unknown. Bollerslev and Wooldridge (1992) argued
that the loss of efficiency in the quasi-MLE with symmetric t-distributed errors is small. In this case, we
may expect the residual-based diagnostic to be robust against t-distributed errors.
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M lagged autocorrelation coefficients and OLSM as the residual-based diagnostic using

the unadjusted OLS variance. All test statistics are compared against the χ2 critical

value. We let T = 200, 500 and 1000, and estimate the empirical size and power of the

diagnostics based on Monte Carlo sample size of 1000.

It has been noted that the validity of the diagnostics does not depend on M being

large. Indeed, the Monte Carlo results of Tse and Zuo (1997) showed that the power of

the Li-Mak test drops when M is large. Thus, we consider low values of M = 1, 2, 3 and

4. We first examine the empirical size of the test when the correct model is estimated for

each of the DGP. We set the nominal size to be 5 percent. The empirical size of the three

types of diagnostics are summarized in Table 1.

It can be seen that the OLS test grossly under-rejects the null hypothesis of model

adequacy. As the correction term QGQ0, which is positive semidefinite, is dropped from

the variance matrix of
√
T δ̂, the variance matrix has been overstated. This results in a

smaller test statistic and causes the OLS test to under-reject the null hypothesis.16 The

RB and POR tests generally have quite reliable size, although there is a slight tendency for

these tests to over-reject rather than under-reject. Rather remarkably, these diagnostics

give good empirical size even for relatively small sample size of 200. It is also clear that

the RB and POR tests are quite robust to nonnormal errors. The empirical sizes when

the errors are t-distributed are quite similar to the case when the errors are normal.

Table 2 summarizes the results of the power consideration of the tests. As our set-up

has three DGPs and three EMs, there are a total of nine combinations. To investigate the

power of the tests we consider the combinations for which the DGP is not nested within the

EM. Thus, denoting the combinations by {DGP, EM}, we consider the four combinations:
{M2, ARCH(1)}, {M2, GARCH(1, 1)}, {M3, ARCH(1)} and {M3, ARCH(2)}.17 As the
OLS test does not have the correct empirical size it is excluded from the power comparison.

16I am indebted to an anonymous referee for this point.
17Apart from the cases considered in Table 1, other combinations for which the DGP is nested within

the EM are {M1, ARCH(2)} and {M1, GARCH(1, 1)}. These combinations are not considered.
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It can be seen that the RB and POR tests are quite similar. The empirical power of the

tests appears to be the lowest when M = 1. Otherwise, there seems to be no clear-cut

choice among M = 2, 3 or 4. It is noted that the power of the tests drops when the true

residuals are t-distributed. This may be due to the loss of efficiency in the quasi-MLE

which assumes normal errors. The tests give quite low power when the DGP is M3 and

the EM is ARCH(2). Thus, the missing σ2t−1 term in the conditional-variance equation

of the GARCH(1, 1) model is picked up by the lagged ε2t terms in the fitted equation.

Overall, the results suggest that the properly constructed residual-based test provides a

useful diagnostic for conditional heteroscedasticity.

3.2 The Multivariate Case

Recently Tse and Tsui (1999) examined the performance of several model diagnostics for

multivariate conditional heteroscedasticity models. They compared the Ling-Li portman-

teau test with the (uncorrected) equation-by-equation portmanteau test and (uncorrected)

residual-based test in a Monte Carlo experiment. They found that the Ling-Li test may

have very weak power under certain circumstances. The uncorrected residual-based test

grossly under-rejects the null, while the uncorrected portmanteau test based on the cross

products of the standardized residuals may provide a useful diagnostic.18

The estimation of multivariate conditional heteroscedasticity models is computation-

ally more tricky than the univariate models. The main difficulty lies in controlling the

conditional variance matrix to be positive definite in each iteration. There are a number

of alternative forms of multivariate conditional heteroscedasticity models in the litera-

ture. Of these models, the CC-MGARCH model appears to have the best convergence

property. While the BEKK model is deemed to provide a positive definite conditional

variance matrix regardless of the parameter values, our experience is that the convergence

18Although the Tse-Tsui study showed that the asymptotic χ2 approximation works well for the port-
manteau statistics the correct asymptotic distribution of the test has not been established. It can be
seen, however, that the asymptotic distributions of the portmanteau statistics based on the standardised
residuals of individual equations can be developed along the line in Section 2.
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of the BEKK model is extremely slow. Although the experiment started with investigat-

ing the CC-MGARCH model and the BEKK model as the EM, we decided to abort the

BEKK model as we proceeded. In this paper we report the Monte Carlo results with the

CC-MGARCH(1, 1) model as the only EM.

We consider the following DGPs:

1. CC-MGARCH Model:Ã
σt11
σt22

!
=

Ã
0.2 + 0.8σt−1,11 + 0.1 ε2t−1,1
0.2 + 0.8σt−1,22 + 0.1 ε2t−1,2

!
, (20)

σt12 = 0.5
√
σt11σt22 (21)

2. BEKK(D) Model:19

Vt =

Ã
0.2 0.1
0.1 0.2

!
+

Ã
0.8 0
0 0.8

!
Vt−1

Ã
0.8 0
0 0.8

!
(22)

+

Ã
0.4 0
0 0.4

!
εt−1 ε

0
t−1

Ã
0.4 0
0 0.4

!
. (23)

3. BEKK Model:

Vt =

Ã
0.2 0.1
0.1 0.2

!
+

Ã
0.4 0.1
0.1 0.4

!
Vt−1

Ã
0.4 0.1
0.1 0.4

!
(24)

+

Ã
0.4 0.1
0.1 0.4

!
εt−1 ε

0
t−1

Ã
0.4 0.1
0.1 0.4

!
. (25)

4. DVR Model:  σt11
σt12
σt22

 =
 0.2 + 0.6 σt−1,11 + 0.2 ε2t−1,1
0.1 + 0.4 σt−1,12 + 0.1 εt−1,1 εt−1,2
0.2 + 0.6 σt−1,22 + 0.2 ε2t−1,2

 . (26)

Table 3 summarizes the results of the empirical size (when the DGP is CC-MGARCH)

and power of the diagnostics. LLM denotes the Ling-Li statistic with lag-M autocorre-

lation coefficients. R1-M , R2-M and R3-M denote the residual-based statistics with,

19This acronym denotes the diagonal form of the BEKK model.
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respectively, η̂2t1 − 1, η̂2t2 − 1 and η̂t1η̂t2 − ρ̂ as the dependent variables in the artificial

regression.20 We consider M = 1, 2, 3 and 4, T = 500 and 1000, and use Monte Carlo

samples of 1000. Rejection frequencies at nominal size of 5 percent are recorded. It can

be seen that the tests have good empirical size for the sample sizes considered. There may

be signs of over-rejection for M = 4. Otherwise, the nominal size appears to be accurate.

Rather remarkably the nominal size is quite reliable even for the case when the true errors

are t-distributed.21 Clearly, the R3 test (based on η̂t1η̂t2 − ρ̂) represents the test with the

best power against the alternatives considered. For the DGP considered, the Ling-Li test

has quite weak power. This reinforces the results of Tse and Tsui (1999). Similarly we

can see that the residual-based diagnostic based on η̂2ti − 1 also have rather weak power.
Once again, there is a drop in power when the true errors are t-distributed, probably due

to the loss of efficiency in the quasi-MLE. Overall, the R3 test provides a useful check for

the model adequacy of multivariate conditional heteroscedasticity models.

4 Conclusions

We have provided the asymptotic distributions of the residual-based diagnostics for the

conditional heteroscedasticity models. Both univariate and multivariate models are con-

sidered. In the univariate case we consider the artificial regression of the squared stan-

dardized residual on its lagged values. In the multivariate case we propose to examine the

squared standardized residuals as well as the cross products of the standardized residuals.

Diagnostic statistics based on the correct asymptotic variance of the OLS regression para-

meter estimate are constructed. We examine the finite-sample properties of the residual-

based diagnostics using Monte Carlo methods. In the univariate case we find that the

residual-based diagnostics have similar performance versus the Li-Mak portmanteau test.

20Refer to Subsection 2.2 for the notations. As the EM assumes constant correlations and bivariate
time series are considered, the notation for the dependent variable in the regression involving the cross
products of the standardised residuals can be simplified to η̂t1η̂t2 − ρ̂.
21The over-rejection appears to be more serious for the Ling-Li test, especially for the case of t-

distributed errors.
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In the multivariate case, the residual-based diagnostics based on the cross products of the

standardized residuals provide tests with the appropriate empirical size and good power

against the alternatives considered. The residual-based diagnostics are easy to compute

and would be useful tools for checking the adequacy of conditional heteroscedasticity

models.
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Appendix

To prove Theorem 1 we first note that

√
T δ̂ = (

1

T

X
d̂t d̂

0
t)
−1(

1√
T

X
d̂tv̂t). (I.1)

As plim{(P d̂t d̂0t)/T} = plim{(P dt d0t)/T} = L, it is sufficient to derive the asymptotic
distribution of (

P
d̂tv̂t)/

√
T . We denote λT = (

P
dtvt)/T and λ̂T = (

P
d̂tv̂t)/T , where

vt = η2t − 1, and make the following assumptions. Firstly, assumption A1 states that22" √
TλT√
T (θ̂ − θ)

#
D−→ N(0,

"
V11 V12
V21 V22

#
). (I.2)

Thus,
√
TλT and

√
T (θ̂ − θ) are jointly asymptotically normally distributed. Secondly

assumption A2 states that θ̂ is asymptotically efficient. Under these assumptions, Pierce’s

(1982) argument shows that23

√
T λ̂T

D−→ N(0, V11 −BV22B0), (I.3)

where B = limT→∞E(∂λT/∂θ0). As V22 = G, to prove Theorem 1 it is sufficient to show

that V11 = cL and B = Q. Since {dtvt} is a martingale difference sequence, from the

martingale central limit theorem (see White (1994, Theorem 5.23)) we have V11 = cL.

Now

E(
∂λT
∂θ0

) = E[{X ∂dt
∂θ0
(η2t − 1) +

X
dt(

∂η2t
∂θ0
)} 1
T
] (I.4)

= E{X dt(
∂η2t
∂θ0
)
1

T
}, (I.5)

after taking iterative expectations. Thus, B = Q.

Theorems 2 and 3 can be proved similarly. For Theorem 2, we define λT = (
P
dtivti)/T

and λ̂T = (
P
d̂tiv̂ti)/T , where vti = η2ti − 1 and v̂ti = η̂2ti − 1. By similar assumptions and

22The validity of this assumption can be verified following Lemma 3.3 of Ling and Li (1997) under
suitable regularity conditions.
23Note that V12 does not play a role in the asymptotic distribution of

√
T λ̂T .
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argument as above, V11 = ciLi, and

E(
∂λT
∂θ0

) = E[{X ∂dti
∂θ0

(η2ti − 1) +
X
dti(

∂η2ti
∂θ0

)} 1
T
] (I.6)

= E{X dti(
∂η2ti
∂θ0

)
1

T
}, (I.7)

so that B = Qi. For Theorem 3, we define λT = (
P
dtijvtij)/T and λ̂T = (

P
d̂tij v̂tij)/T ,

where vtij = ηtiηtj − ρtij and v̂tij = η̂tiη̂tj − ρ̂tij . By the martingale central limit theorem,

V11 = cijLij. Also,

E(
∂λT
∂θ0

) = E[{X ∂dtij
∂θ0

(ηtiηtj − ρtij ) +
X
dti

∂(ηtiηtj − ρtij )

∂θ0
} 1
T
] (I.8)

= E[{Xdti
∂(ηtiηtj − ρtij )

∂θ0
} 1
T
], (I.9)

by taking iterative expectations. Thus, B = Qij and Theorem 3 holds.
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Table 1: Empirical Size of Diagnostics for Univariate Conditional Heteroscedasticity

Error Test Statistics
Distribution DGP EM T RB1 RB2 RB3 RB4 PR1 PR2 PR3 PR4 OLS1 OLS2 OLS3 OLS4

N(0, 1) M1 ARCH(1) 200 7.2 6.5 7.0 6.8 7.2 6.0 6.6 6.2 0.0 0.8 1.9 2.0
500 7.3 6.4 6.0 6.6 7.2 6.2 6.0 6.5 0.0 1.4 1.8 2.3
1000 5.1 4.8 6.3 5.8 5.1 4.8 6.2 6.1 0.0 1.1 1.8 1.4

M2 ARCH(2) 200 5.1 7.0 6.3 6.3 5.1 7.2 6.3 6.1 0.0 0.1 1.0 1.4
500 6.4 6.4 8.3 8.0 6.4 7.0 8.4 8.3 0.0 0.0 0.6 1.0
1000 6.2 7.4 6.8 7.4 6.2 7.3 6.8 7.0 0.0 0.0 0.6 1.1

M3 GARCH(1, 1) 200 2.9 4.5 7.6 7.8 2.7 4.5 6.0 6.4 0.0 0.9 1.8 1.7
500 3.4 5.4 6.8 7.4 3.4 5.7 6.3 7.0 0.0 1.1 1.5 1.7
1000 3.8 4.9 6.7 6.9 3.8 4.8 6.1 6.6 0.0 1.2 1.3 1.5

t8 M1 ARCH(1) 200 5.1 5.9 6.2 6.3 5.0 5.7 6.4 6.1 0.4 1.7 2.1 2.7
500 6.2 6.3 6.7 6.3 6.2 5.7 6.7 6.5 1.2 2.2 2.9 2.8
1000 3.8 5.4 5.7 5.7 3.8 5.4 5.5 5.6 0.7 1.9 2.5 3.3

M2 ARCH(2) 200 4.8 6.2 5.8 6.8 4.8 5.9 5.5 5.5 0.5 0.7 1.4 2.0
500 5.0 5.7 6.5 7.4 5.0 5.8 6.5 7.3 0.5 0.8 1.7 1.9
1000 6.2 5.9 5.4 5.1 6.2 5.5 5.1 5.5 0.6 0.3 1.1 1.2

M3 GARCH(1, 1) 200 2.1 4.6 6.7 7.6 2.1 4.6 6.1 7.3 0.2 1.0 1.2 1.8
500 2.5 4.7 6.3 8.0 2.5 4.8 6.0 7.4 0.3 2.1 2.8 3.5
1000 3.8 5.4 7.3 8.3 3.8 5.4 7.0 8.1 0.3 2.0 2.4 2.5

Notes: DGP is the data generating process. EM is the estimated model. RBM is the residual-based diagnostic using the correct
variance matrix. PRM is the Li-Mak portmanteau test. OLSM is the residual-based diagnostic using the OLS variance. We consider
M = 1, 2, 3 and 4. The figures in the table are the empirical frequency of rejection in percentage. The nominal size of the tests is 5
percent. The estimation is based on Monte Carlo runs of 1000.



Table 2: Empirical Power of Diagnostics for Univariate Conditional Heteroscedasticity

Test Statistics
N(0, 1) errors t8 errors

DGP EM T RB1 RB2 RB3 RB4 PR1 PR2 PR3 PR4 RB1 RB2 RB3 RB4 PR1 PR2 PR3 PR4

M2 ARCH(1) 200 15.7 69.3 71.4 69.8 15.6 70.5 69.9 69.3 10.6 55.7 58.1 55.7 10.6 57.1 56.2 55.7
500 35.0 94.9 96.7 97.3 35.0 95.3 96.6 97.5 18.7 87.7 89.5 88.8 18.6 88.7 88.9 89.0
1000 55.6 97.8 98.0 98.5 55.4 97.9 98.0 98.5 33.7 96.4 97.5 97.8 33.6 96.4 97.3 97.8

M2 GARCH(1, 1) 200 3.2 25.7 23.6 22.0 2.9 27.4 24.2 21.4 1.8 19.1 16.3 15.8 1.6 19.9 16.8 15.8
500 14.3 59.4 53.1 48.3 14.1 62.1 56.3 51.0 2.3 35.2 30.5 30.4 2.3 36.6 32.3 30.3
1000 40.5 88.1 84.8 80.6 40.5 89.0 86.3 83.5 11.0 58.5 52.9 50.0 10.8 60.1 56.0 51.5

M3 ARCH(1) 200 10.0 17.2 23.0 23.5 9.9 18.5 22.3 23.3 7.1 15.7 19.8 20.3 7.0 16.4 19.0 19.6
500 15.7 42.7 57.1 58.5 15.5 43.3 55.3 59.5 6.8 27.2 40.6 41.1 6.8 28.7 39.0 40.0
1000 24.0 69.1 84.4 84.8 24.0 70.6 83.1 85.1 10.9 47.0 64.1 66.8 10.7 48.7 64.1 66.8

M3 ARCH(2) 200 6.3 8.2 9.2 7.8 6.3 8.2 8.3 6.7 4.7 6.1 6.7 7.3 4.7 5.8 6.0 7.1
500 7.9 10.3 10.0 9.4 7.8 10.1 9.9 9.1 5.4 7.2 7.8 8.4 5.4 6.9 7.6 8.6
1000 6.2 10.0 12.0 12.0 6.0 9.7 11.4 11.8 3.8 5.8 8.4 10.0 3.7 5.5 8.5 9.5

Notes: DGP is the data generating process. EM is the estimated model. RBM is the residual-based diagnostic using the correct variance
matrix. PRM is the Li-Mak portmanteau test. We consider M = 1, 2, 3 and 4. The figures in the table are the empirical frequency of rejection in
percentage. The nominal size of the tests is 5 percent. The estimation is based on Monte Carlo runs of 1000.



Table 3: Empirical Size and Power of Diagnostics for Multivariate Conditional Heteroscedasticity

Error Test Statistics
Distribution DGP T LL1 LL2 LL3 LL4 R1-1 R1-2 R1-3 R1-4 R2-1 R2-2 R2-3 R2-4 R3-1 R3-2 R3-3 R3-4

N(0, 1) CC-MGARCH 500 6.1 6.1 7.5 8.2 4.4 5.7 6.0 7.2 4.0 5.5 6.0 7.2 5.6 6.0 6.5 7.5
1000 5.1 5.2 5.5 6.7 6.8 6.2 6.9 7.7 5.9 5.7 5.8 6.0 5.1 5.0 5.9 6.5

BEKK(D) 500 9.7 16.5 19.6 20.8 8.5 14.8 18.6 20.1 9.4 12.8 16.9 17.9 52.4 64.8 70.8 72.0
1000 14.5 20.2 23.7 24.4 10.7 16.2 21.3 26.1 10.5 16.0 21.3 24.6 82.3 90.7 91.9 93.2

BEKK 500 8.5 9.9 8.8 10.0 35.5 43.8 42.5 40.5 37.2 43.7 40.6 37.4 79.0 81.0 78.3 74.5
1000 9.4 9.8 9.2 10.2 59.0 63.9 60.7 58.4 60.3 65.7 63.4 60.5 96.5 97.0 95.8 93.8

DVR 500 6.7 7.4 7.9 9.2 3.5 4.6 5.5 7.0 4.6 5.5 5.8 8.1 26.8 23.9 22.5 20.8
1000 5.1 6.1 7.0 8.1 4.1 5.3 5.7 6.8 4.7 5.3 5.1 6.5 53.7 51.0 45.6 40.8

t8 CC-MGARCH 500 5.6 6.0 8.8 11.0 3.2 5.0 6.4 7.2 3.1 4.9 5.8 7.8 4.9 6.7 7.1 7.4
1000 4.6 5.5 7.1 8.6 3.9 4.5 5.8 6.6 5.0 6.0 6.9 7.8 4.8 5.9 5.6 6.6

BEKK(D) 500 7.2 13.7 17.2 18.9 4.5 9.7 11.6 12.7 7.4 8.6 10.5 12.2 40.1 52.6 55.7 57.4
1000 9.8 13.8 18.9 20.7 7.3 10.3 11.8 15.5 7.1 9.5 11.5 14.4 65.9 78.3 81.7 81.7

BEKK 500 9.3 13.9 14.4 15.8 21.1 27.1 25.6 24.1 22.8 29.7 26.6 24.0 69.4 60.5 57.1 54.3
1000 8.7 10.7 11.3 10.6 30.8 39.0 37.1 36.5 36.7 43.1 41.1 38.5 83.0 83.2 81.0 79.0

DVR 500 5.0 8.2 10.5 11.8 2.8 4.8 5.6 7.7 3.1 5.2 6.2 7.6 21.9 22.5 20.6 19.0
1000 5.5 6.9 7.7 8.8 3.0 5.4 3.6 6.7 4.4 5.0 8.2 7.5 42.3 39.6 35.0 31.7

Notes: DGP is the data generating process. LLM is the Ling-Li test based on M autocorrelation coefficients. R1-M , R2-M and R3-M are the
residual-based diagnostics with, respectively, η̂2t1 − 1, η̂2t2 − 1 and η̂t1η̂t2 − ρ̂ as the dependent variables in the artificial regression, where M = 1, 2, 3 and
4 stands for the order of the lagged terms taken in the regression. The figures in the table are the empirical frequency of rejection in percentage at the
nominal size of 5 percent. The estimated model is CC-MGARCH. When the DGP is CC-MGARCH, the figures are the empirical size. Otherwise, the
figures are the empirical power. The estimation is based on Monte Carlo runs of 1000. The model parameters can be found in Section 3.2.


